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ABSTRACT. For S a semigroup with 0 and ¥ a right S-set, certain classes
of sub S-sets called right quotient filters are defined. A study of these right quo-
tient filters is made and examples are given including the classes of intersection
large and dense sub S-sets respectively. The general semigroup of right quotients
Q corresponding to a right quotient filter on a semigroup S is developed and basic
properties of this semigroup are noted. A nonzero regular semigroup S is called
primitive dependent if each nonzero right ideal of S contains a O-minimal fight
ideal of S. The theory developed in the paper enables us to characterize all primi-
tive dependent semigroups having singular congruence the identity in terms of sub-

direct products of column monomial matrix semigroups over groups.

1. Introduction. The classical ring of quotients of a ring R and its generali-
zations have been topics of major interest in ring theory over the past twenty years
with much of the basic ground work laid by Asano [1], Johnson [9], and Utumi
[15]. Each type of right quotient ring over R is developed from a given type of
filter of right ideals in the ring R and the same general technique is applied in
each case.

In this paper generalizations of these concepts are developed for semigroups
and S-sets and an attempt is made to unify the theory as much as possible by con-
sidering certain classes of sub S-sets called right quotient filters. $3 is devoted
to a study of these right quotient filters. Several examples which are analogues of
concepts in ring theory are given including those of intersection large, dense, and
strongly dense. We also consider a certain S-set extension (semigroup extension)
of a semigroup §, called a 5)-quotient set (semigroup) where ?isa right quotient
filter on S, and we show how ¥ induces a right quotient filter on such an exten-
sion. In certain cases the induced filter is of the same type as that of the original
filter.

In §4 a generalization of the singular congruence and the torsion relation in-

troduced by Feller and Gantos [6] is given. This generalization, which we call the

P-torsion congruence on an S-set M, is defined in terms of an arbitrary right quo-
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tient filter $ on §, and we are particularly interested in the case where M is P
torsion free, i.e., where the P-torsion congruence on M is the identity.

$5 is devoted to the study of the general semigroup of right quotients corres-
ponding to a right quotient filter ? onan S-set. We begin by giving the basic con-
struction of this semigroup. The main theorems of this section point out the fact
that whenever S is P-torsion free, then Q?(S) is a maximal P-torsion free P-
quotient semigroup over § which contains an isomorphic copy over S of every
such semigroup extension of S. Furthermore, whenever ¥ is a special filter on S
we find that the corresponding quotient semigroup of Q with respect to the induced
filter on O is itself.

As an application of this theory we note that whenever § is ?,-torsion free,
then Q,(S) is the injective hull of § and is furthermore self-injective. We also
restate the well-known theorems concerning the classical semigroup of quotients
in terms of the theory developed herein.

In $6, we consider semigroups which are O-direct unions of semigroups. If a
right quotient filter is given on each of the component semigroups of § it is shown
that a corresponding right quotient filter is induced on § in a natural way. Here we
see that the semigroup of quotients of S is isomorphic to the direct product of the
semigroups of quotients on the individual component semigroups. Furthermore, it
is shown that every P-torsion free ?-quotient semigroup over S is isomorphic to
some subdirect product of P-torsion free ?-quotient semigroups over the individ-
ual components.

A nonzero regular semigroup S is called primitive dependent if each nonzero
idempotent of S lies above a primitive idempotent of § under the natural partial
ordering on the idempotents of S. The main purpose of $7 is to characterize all
primitive dependent semigroups for which the singular congruence is the identity.
To this end we first consider completely O-simple semigroups. A characterization
of the singular congruence on a completely O-simple semigroup expressed as a
regular Rees matrix semigroup is given and it is noted that the semigroup of quo-
tients of such a semigroup is isomorphic to a semigroup of column monomial ma-
trices over a group with 0. The completely O-simple semigroups for which the sin-
gular congruence is the identity are then characterized as certain subsemigroups,
called H-semigroups, of these semigroups of column monomial matrices. The sec-
tion is concluded by characterizing the primitive dependent semigroups for which
the singular congruence is the identity as certain subdirect products of column
monomial matrix semigroups over groups with 0.

Much of the basic notation and definitions used throughout the paper are given
in $2. We assume that the reader is familiar with the basic terminology and results

on algebraic semigroups employed herein, as presented in Clifford and Preston

[4] and [5].
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2. Preliminaries. Throughout this paper each semigroup will contain a zero
(0) unless otherwise specified. Let S be a semigroup. A (centered right) S-set Mg
is a set M, with an associative scalar operation on M by elements of §, which
contains an element (necessarily unique) 6 such that 6 = 6s = m0 for all me M
and for all s € S. The symbol 0 will be called the zero of M. Since the distinction
between the zero of M and the zero of S is clear from the context, we shall de-
note both by the same symbol 0. Note that if R is a right ideal of $ then R be-
comes an 3-set Rg under ordinary multiplication. Also, if S is contained in a
semigroup T and if M. is a T-set then M becomes an S-set Mg by restricting
the scalar multiplication to the elements of S. A sub S-set Ng of an S-set Mg
is a subset N of M such that NS CN. If m, n€ Mg and if ECS we shall say
that mE is pointwise equal to nE when ms = ns for each s € E, This will be
denoted as mE = nE.

Let Mg and Ng be S-sets. A function f: Mg — N¢ is an S-homomorphism
if, for each m€ M and s€S, {(ms)=/(m)s. The collection of all such S-homo-
morphisms will be denoted by Homg (M, N). If there exists f € Homg (M, N) such
f is 1-1 and onto then we say Mg is S-isomorphic to Ng and write Mg &g N, If
Mg and Ng are S-sets each containing A as a sub S-set and if there exists an
S-isomorphism ¢: Mg — N¢ such that the restriction ¢|A of ¢ to A is the
identity map on A then we say that “‘¢ is an S-isomorphism over A" or ‘Mg and
N¢ are S-isomorphic over Ag”’. Corresponding terminology will be used for semi-
groups and semigroup isomorphisms. All homomorphisms between semigroups will
be considered as semigroup homomorphisms unless S-homomorphism is clearly in-
dicated. If the semigroups S and T are isomorphic as semigroups we shall write
S~ T,

If / is an S-homomorphism the domain of [ will be denoted by D/ and the
range of f by R/. The zero map from Mg will be denoted by 0 and the identity map
on M by 1, If f: Mg — Ng and if Ag CNg then [ ~1A) = {me M; {(m) € A}. The
S-homomorphism [ is called O-restricted if {~1(0) = 0.

An S-congruence 1 on Mg is an equivalence relation on M such that (ms,
ns) € r whenever (m, n)€ 7 for all s €S. The S-congruence 7 is said to be O-re-
stricted if (a, 0)€ 7 implies a = 0. If N¢ is a sub S-set of Mg and if p is an S-
congruence on Mg then p|N =p N(N x N) is an S-congruence on Ng.

If S has an identity 1 the S-set Mg is said to be unital when ml = m for
each m € M. For each semigroup S we shall define S! by S! =S U{1} where 1 is
a symbol not in S and where multiplication on S is extended to S! by defining
1x = x1 = x for each x € S'. With the operation so defined, S! is a semigroup.
Note that this definition for S! differs from the standard one. However, with the
definition given here each S-set Mg becomes a unital Sl-ser by defining ml = m
for each me M,
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The following definitions and theorems are taken from the paper by Berthiaume
[3]. A sub S-set Ng of Mg is said to be large (essential) in Mg if for each f€
Hom(MS, KS) such that f|N is 1-1 then [ is 1-1. In this case MS is called an
essential extension of Ng.

Lemma 2.1. Ng is large in M¢ iff for every S-congruence p on Mg such that
p# ty we have p|N#£ tye

An S-set Mg is injective if for each Ag C B¢ and for each /€ Homg (4, M)
there exists /' € Homg (B, M) such that /' |A = f. If Mg C Ng and if N is injec-
tive then N is called an injective extension of Mg. The following theorem due
to Berthiaume guarantees the existence of a minimal injective extension which is

unique up to S-isomorphism.

Theorem 2.2. The S-set Mg is a maximal essential extension of N iff M¢
is a minimal injective extension of N¢. Every S-set N has such an extension

which is unique up to S-isomorphism over Ng.

The minimal injective extension of N¢ given in the above theorem is called
the injective hull of Ng. Note that Mg is the injective hull of Ng¢ iff Ng is es-
sential in Mg and Mg is injective.

A semigroup S will be called self-injective if S¢ is injective.

3. Right quotient filters. The general theory developed throughout this paper
is largely dependent on a certain type of filter of sub S-sets which will be called
a right quotient filter. Several examples of these are given. These examples will
later provide applications to the general theory developed herein.

The following definitions are generalizations of corresponding concepts in
ring theory. Let Ng C M¢ where Mg is an S-set. Then N¢ is said to be intersec-
tion large in MS if for each 0 £ m € M there exists s € s such that 0 # ms€N.
Note that N is intersection large in Mg iff the intersection of N with any non-
zero sub S-set of Mg is always nonzero. A second definition taken from Utumi’s
paper [15] states that Ng is dense in Mg iff for each 0 £ m, n€ M there exists
s€S! such that ms £ 0 and ms € N. We easily see that N¢ is intersection large
in Mg whenever N is dense in M. Less generally, Ny will be called strongly
dense in MS if for each my,m,y, € M where m, 4 m, there exists s € S! such
that m s # m,s and ns € N. This latter definition was suggested to the author by
J. K. Luedeman for S-sets in general. In case M =S and S has an identity this
is equivalent to the definition of ‘‘dense’’ as given by F. R. McMorris in [10]. The
fourth definition is a generalization of the vital ideal discussed by McMorris in
[11]. Let C be any subsemigroup (possibly withour zero) of S. Then Ng C M
will be called C-vital if for each 0 £ m € M there exists c € C! such that
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0 £ mc € N, Clearly, each C-vital sub S-set is intersection large in Mg and when
C =S these two definitions coincide,

The following lemma shows that each of the four concepts given above has
the transitive property. In each case the proof follows from the corresponding de-
finition and will be omitted.

Lemma 3.1. Let ** <’ denote any one of the terms ‘‘intersection large’’,
“‘dense’’, ‘‘strongly dense’’, or “‘C-vital”. Then X; < Yo <Zg iff X, <Zg where
Xg CYg CZ.

Thus “* <"’ is a partial order relation on the class of S-sets for each defini-
tion given above. In the special case where ** <’’ represents ‘‘C-vital’’, the fol-
lowing theorem shows that ** <’ is preserved under inverse images of S-homomor-

phisms.,

Lemma 3.2. Let Mg and Ng be S-sets and let ¢ € Homg (M, N). If A is C-
vital in N then ¢~ HA) is Cwvital in M.

Proof. Let 0 £ me M. If ¢(m) = 0 then ml = m € ¢~ 1(A). So, suppose ¢(m) £
0. Then there exists c € C' such that 0 £ ¢(m)c = plmc) € A. Hence 0 £ mc €
#~1(A) and the result follows.

Note that if Ng is C-vital in Mg then m~IN = {s € S: ms € N} is C-vital in
S for all m € M. In order to show this, define ¢ : S — M by ¢m(s) = ms. Then
é,, € Homg (S, M) and ¢;1(N) =m~IN is C-vital in S¢ by the lemma.

If we restrict ourselves to the class of sub S-sets of Mg a similar result is

valid for the remaining definitions given.

Lemma 3.3. Let ‘* <’’ denote any of the terms ‘‘intersection large’’,
, 'strongly dense’’, or “‘C-vital”. Let Ag < Mg and By < Mg and let
¢ € Homg (A, M), Then ¢~'(B) < Mq.

’y

“‘dense

Proof. By Lemma 3.2 we need only consider ‘‘dense’’ and ‘‘strongly dense’’.
Let '* <"’ denote *‘dense’’ and let 0 £ m, n € M, Then there exists s, € s! such
that 0 £ ms | and ns, € A and there exists s, € S! such that 0 £ ms s, and
f(ns ) s, € B. Therefore, 0 # m(s s,) and n(s s,) €[~ 1(B) and it follows that
f~4B) < My in this case. The proof is similar when ** <’ denotes *‘strongly

dense’’.

Let 9’, = ?I(MS), ?D = .‘PD(MS), ?SD = ?SD(MS), and ?CV = ‘(PCV(MS) denote
the classes of intersection large, dense, strongly dense, and C-vital sub S-sets
of Mg respectively. In addition, ?B = ‘(PB(MS) will denote the singleton class
{M¢l. In case M is the semigroup S, the subscript *'S”’ will generally be omitted
in the notation above,
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In general, a nonempty class of sub S-sets of M¢ is called a right quotient
filter (R.Q.F.) of M if

(1) ASET and A; CBg C Mg imply Bg €?, and

(2) Ag, Bg€ 9 and f € Homg (4, M) imply f~'(B)€ .

It is easily seen from Lemma 3.1 and Lemma 3.3 that each of the classes
.(P,, ?D’ ?SD’ ?CV’ and ?B is a right quotient filter on M. These specific filters
will be called standard filters.

Lemma 3.4. A right quotient filter § of Mg is closed under [inite intersec-

tions.

Proof. Let Ag, B¢ 9 and let «: A — M be the identity map. Then A N B =
«"1(B) € ? by property (2) above.

Let ? bea right quotient filter on M¢. A nonempty subclass P of P is said
tobe a base for ¥ if for each A € P there exists Be P’ such that B CA. Note
that a given class of sub S-sets of MS can be a base for at most one right quo-
tient filter on M. An arbitrary class P’ of sub S-sets will be called a right quo-
tient filter base if it is a base for some right quotient filter ? on M. In this case
it is easily seen that ¥’ is a base for the right quotient filter ¥ = {A¢: A" CA C
M for some A' € $'}. This fact yields the following proposition.

Proposition 3.5. A nonempty class $' of sub S-sets of Mg is a right quotient
filter base if and only if for each A', B' € P and fe HomS(A', M) there exists
c' in ' with C' Cf~YB.

Note that if # is a right quotient filter on Mg and if Ng€ ?, 9 |N={NN
A:AePlisa right quotient filter for Ng and is also a base for P. In fact, if
denotes one of the standard filters on Mg then ? | N is the corresponding stan-
dard filter on Ng.

Let S be a semigroup and let ? bea right quotient filter on Sg. An S-set Mg
containing S¢ as a sub S-set is called a P-quotient set over S if m-1s={se
S:mseSte P for each me M, In case M is a semigroup containing S as a sub-
semigroup, M is called aP-quotient semigroup over S. Clearly, § is always a ?-
quotient semigroup over itself. Examples of other ?-quotient sets are given in the

easily proved proposition which follows.

Proposition 3.6. If P = $(M,) denotes one of the standard filters ‘(PI’ ?CV’
?D’ or ?SD on Mg and if Sg€ ?(MS) then Mg is a P-quotient set over S.

In the remainder of this section we shall give sufficient conditions for ex-
tending a right quotient filter ? on S to aright quotient filter on any ?-quotient
semigroup over S. This is given below in the special cases where P - ‘(PI’ ?D’

Ol’?

sD*
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Theorem 3.7. Let S CT where T is a semigroup.
(@) If Sge ?D(TS) then ' ={ET': Ee ?’(S)} is a base for 5)1(T).
(b) If Sge ?D(TS) then $' - {ET': E € ?D(S)} is a base for ?D(T).

() If SgeP (T then P' ={ET': E€ P ()} is a base for P (T,

SD(

Proof. We shall give the proof of (a). The same general techniques are applied
to prove (b) and (c). Let E € ?I(S) and let 0 £¢€ T, Since Eg€ ?’(TS) by Lemma
3.1, there exists s€ st C T! suchthat 0 £ ts€ E C ET!. Thus ET' € ‘(Pl (T) and
it follows that ' C % (T). Now let E..€ ?(T) and let E' = EN S. We claim that
E'e ?I(S). Let 0 £s¢€S. Since E€ ?I(T), there exists ¢ € T' such that 0 £ ste
E. The claim is evident if ¢ = 1. Otherwise, since S¢ € ?D(TS), there exists s’ €
S! such that 0 £ sts’ and ts' € S. Hence we have 0 £ s(ts') € ENS = E' where
(ts') e S'. Thus, E' € £ ($) and it follows that E'T' = (EN$)T' CET' CE.
Therefore, P’ is a base for ?I(T).

We can generalize Theorem 3.7 as follows.

Theorem 3.8. Let S CT where S and T are semigroups. Let ?'(TS) be a
base for a right quotient filter $(T) on Tg. Then PUT) < {ET': E€ P'(T () is
a base for a right quotient filter $(T) on T .« Furthermore, P(T) is independent
of the base .(P'(TS) taken for .(P(TS).

Proof. Let E,T' and E,T' € '(T) where E| and E, € $'(T) and let fe
Hom.. (EITI, T). Let f'=1/| E,. Then f'e Hom, (El’ T) and since ?'(TS) is a
base for T(T ), there exists E, € .(P'(T ) such that E, C/"I(E ). It follows that
E T C/'—I(E yT! cf” 1(E )T C/'I(E T1). Hence, by Proposition 3.5, PU(T)
is a filter base on T... Now, let P! 1(T¢) and P! ,(T¢) be any two bases for ?(T )
and let ? (1) = {ET1 Ee?! (TS)} i=1, 2. Let ? (T) and P,(T) be the right
quotient f1lters on T, generated by ? (T) and %’ (T) respectively. If Fe€
P (T) then there exists E€ P! (TS) such that ET! C F. Since ?z‘TS) is also
a base for ?(T ), there exists E'€ .(P (T ) such that E'C E. Hence E'Tle
P (T) and E'T! C ET! C F. Therefore, Fe? (T) and it follows that & (T) C
? (T). A symmetrical argument gives the reverse inclusion.

A right quotient filter ? on S is said to be special if it has the following
property:

“If F is aright ideal of §, E€ P, and x~'F ={s: xse€ F}e® forall x€E,
then Fe P.”

Lemma 3.9. Let P be a right quotient filter on S¢e Then P is special iff P
has the following property:

“For each E €% and for each x € E, let E, denote a member of P. Then
E'=U,_ xE _€e9.”
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Proof. (= ) If x€ E then x~'E' = {s: xs € E'} which contains E and E ¢
?.Hence x'E' €9 for each x € E and it follows that E'€e ?.

(=)Let E' = UxEE x(x"1F). Then E'€ ? by the hypothesis. However,

E' C F. Therefore, F € ? and we have that ? is special.

Before giving some examples of special quotient filters, we shall digress
briefly and consider a semigroup § containing right cancellable elements. Let C
be a subsemigroup of the right cancellable elements of S. The semigroup S has
the right common multiple property (R.C.M.P.) with respect to C if for each s¢€
S and for each c€ C, ¢S NsC £ 0. Let ‘(PC ={R: R is a right ideal of § and RN
C #0ol

Proposition 3.10. ‘(PC is a right quotient filter on S¢ iff S has the R.C.M.P.
with respect to C, In this case, ‘(PC = ?CV(S)'

Proof. (=) Let c€C and s € 5. Define ¢_: S — S by ¢ (t) = st for each
t€S. Then ¢_ € Homg (S, S). Since c%€cSNC, we have cSe ‘?C‘ Hence by the
definition of an R.Q.F. it follows that qSS"l(cS) ={te S: stecSle ?C. Let ¢’ €
¢s'1(cS) N C. Then sc’ € ¢S and we have sC N cS £ 0. Therefore, S has the
R.C.M.P. with respect to C,

(=) Now, suppose S has the R,C.M.P. with respect to C. We claim that
?C = ?CV(S). Let Re€ ?C and let 0 £ s € S, Then there exists 7€ R N C and there
exists ¢' € C and s' €S such that sc’ = ns'. Since ¢'€ c, sc' £0 and it follows
that sC' N R £ 0. Therefore, R € ?CV(S). Now, let Re€ ?CV(S) and let ce C,
Since Re ?CV(S)’ there exists ¢’ € C! such that cc’ €R. However, cc' € C and
we have R N C # 0. Therefore, R € ‘(PC and the theorem follows.

Several examples of special right quotient filters can now be given as shown

in the proposition below.

Proposition 3.11. Let S be a semigroup with zero.

(a) If S contains right cancellable elements and if S has the R.C.M.P, with
respect to a subsemigroup C of the right cancellable elements of S then P .. (S)
is a special R.Q.F.

(b) P 4(S) is special iff S = §.

(c) If {s€e S| sS =0} =10} then ?D(S) is special,

(d) If {s € S|sS =0} £ 10} then P (5) = F ,(5).

(e) If S is right reductive (i.e. sS =tS implies s =t for s,t€S) then
?SD(S) is special,

(f) If S is not right reductive then ‘(PSD(S) = ‘PB(S)'

CV(

Proof. (a) Let E¢ ?CV(S) and let E_€ ?CV(S) for each x€ E. Since E ¢

TCV and since ‘?CV = ?C by Proposition 3.10, there exists c € CN E and since
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E_e '(PC’ there exists ¢’ €C NE_. Thus we have cc' € cE_C E'- Uer xE,
and it follows that E' € ‘(PC = ?CV' Therefore, ?Cv is special by Lemma 3.9.

(b) Since P ,(5) = {8}, P, is special itt S = U __¢s5 = 52

(c)Let D€ ?D(S) and for each x€ D let D _¢€ ?D(S). By Lemma 3.9
and Lemma 3.1, it will be sufficient to show that D' = UxeD xD e ?D(Ds).

Let 0 £ m,n € D. By the hypothesis there exists s € § such that ms #£ 0,
Since D € ?D(S), there exists s’ € S! such that mss'£ 0 and ss' eD .
Thus, m(ss') £0 and n(ss’) € nD_C D'. Therefore, D' € .(J)D(DS).

(d) Let 0 £ me S such that mS = 0, Then for D¢ ?D(S) and s €S there exists
s' € S! such that 0 £ ms' and ss’' € D. However, since mS = 0 we must have s’ =
1 and it follows that D = S. Therefore, £ ,(5) = {S} = P ;(5) in this case.

(e) Let D€ ?SD(S) and for each x€D let D € ?SD(S)' As in (¢), it is suf-
ficient to show that D' = U Lep*D, € ?SD(DS)' Let m, # m,, n€ D, Since § is
right reductive there exists s € S such that m s # m,s. Hence since D € ?SD(S),
there exists s’ € S! such that m ss' £ m,ss' and ss'€ D_. Therefore, m,(ss’) £
mz(ss') and n(ss') e nD C D' and we have D'¢ ?D(DS).

(f) Let m, # m, €S such that m;S =m,S and let D € ?SD(S). Then for s¢€
S, there exists s’ € S! such that mls' # mzs' and ss' € D. However, s' must be 1.
Therefore D = S and we have ?SD(S) =1{5}= ?B(S)‘

We will now return to the general problem of extending a right quotient filter

? onStoa right quotient filter on any ?~quotient semigroup over S.

Theorem 3.12. Let P'= P'(S) be a base for a special right quotient filter
P - P(5) on S If Mg isa P-quotient set over S then ' is a base for a right
quotient filter ?(MS) which is independent of the base taken for P(S).

Proof. Let A, Be®' and let f¢€ Hom, (4, M). By Proposition 3.5, it is suf-
ficient to show that /'I(B) contains an element of P'. For each ae A, let E, =
[/(@)]~1S. Then since Mg is a P-quotient set over S, E, € ?. Note that for each
element s€ E_, f(as) = f(a)s€S. Let E'= U aea 9E 4+ Then E'e? since P is
special. If /' = f|E' then [' € Homg (E’, S). Hence f' =1(B) € P(5) and it follows
that there exists C € P’ such that C C /' ~Y(B) C /~(B). An argument similar to

that of Theorem 3.8 shows that ?(MS) is independent of the base P’ taken for

D).

Theorem 3.13. Let $' = P'(S) be a base for a special right quotient filter
P(s) on SgeLet T bea P(8)-quotient semigroup over S. Then P'(T) = {ET:
E€®'} is a base for a special right quotient filter P(T) on T which is inde-
pendent of the base P taken for P(s).

Proof. By Theorem 3.12 and Theorem 3.8, #'(T) is a base for a right quo-
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tient filter P(T) on T which is independent of the base P’ taken for F(S). Hence
we need only show that $(T) is special. Without loss of generality we may assume
that P’ = P(5). Let D € P(T) and let D _e P(T) for each x € D. There exists E €
?(S) such that E C ET! CD and, for each e € E, there exists Ee € ?(S) such that
E,CE,T'CD, .Let E'=U__ eE, . Then E' € (S) and we have E'T' =
(Ue E eEe)TI (U Len*D.) T! C Ux ep ¥D,,+ Therefore, Ux e*D, € P(T) and
the theorem follows.

The class $(T) will be called the special right quotient filter induced by
P(S) on Tre

The next lemma gives a general analogue of the transitivity property given by

Lemma 3.1.

Lemma 3.1.4. Let P(S) be a special right quotient filter on S. Let T be a
?(S)-quotient semigroup over S and let P(T) be the special right quotient filter
on T, induced by P(S). Let Up bea P(T)-quotient T-set over T. Then Ug is
a P(S)-quotient S-set over S.

Proof. Let u € U. We need to show that (u"lS)S € 2(5). Since Up isa P(T)-
quotient T-set over T, (u'lT)T € P(T) and, since P(T) is induced by P(S), there
exists E € $(S) such that E CET! C (u"lT)T. For every s€E, let E_=
[(us)’lS]S. Then E_e€ P(S) for all s€E, since us€ T and T is a P(S)-quotient
semigroup over S. Let E'= Us g SE+ Then E' € 9(S) and E' C (u-IS)S. There-
fore, (u'lS)S e P(s).

4, The torsion congruence induced by a right quotient filter. A generalization
of the singular congruence and the torsion relation defined by Feller and Gantos
[6] will now be given. We begin by defining the P-torsion relation on M and
noting that it is an S-congruence when ? is an R.Q.F. Several facts concerning
the P-torsion congruence when ? is one of the standard filters are then given.

In general, let ? be any class of right ideals of S and let Mg be aright S-
set. Let lﬂ?(MS) ={(m,, m2) €M x M: m P =m,P for some Pe P}. Then lﬂ?(Ms)
is called the P-torsion relation (or P-torsion congruence if Ye (M) is also an

S-congruence). When ? is an R.Q.F. on S this relation is indeed an S-con-
gruence as shown in the following lemma which is easily proved using the prop-

erties of a right quotient filter.

Lemma 4.1. Let P’ be any base for a right quotient filter P on S¢+ Then
(a) l/'?'(MS) = Yg(My);

(b) lﬁ?(MS) is an S-congruence on Mg; and

(c) if M=S then Yg(Sg) is a 2-sided congruence on S.
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¥ P - ?,, ?D’ ?SD’ ‘(PCV’ or ?B then the corresponding P-torsion congruence'
will be denoted by ¢, = ¥, (M), ¥ = M), Yop = (M), Yy, =g, (M),
or Y = l,llB(MS) respectively. In case M = S the subscript S will be omitted. The
congruence l,b,(MS) is generally known as the singular congruence on M.

The following lemma shows that the order relation ** C’’ is preserved in pas-

sing from right quotient filters to P-torsion congruences.

Lemma 4.2. Let ?1 and ?2 be any two right quotient filters on S¢. If 9)1 C
5)2 then 11191 C ¢92. In particular, we have Ypg C l/ISD C ng C x/z, and ‘/’CV C gl/,.

Let § be a semigroup with right cancellable elements and let C be a sub-
semigroup of S consisting entirely of right cancellable elements of S such that
S has the right common multiple property with respect to C. In Proposition 3.10,
it was shown that ?CV =R CS: RNC 40 = ?C. The next lemma shows that
‘/’CV(MS) is the same as the torsion relation defined by Feller and Gantos in [6].

Lemma 4.3. Let C be as above and let S have the R.C.M.P. with respect to
C. Then l/lCV(MS) = {(ml, mz): m,c =m,c for some ce€ Cl.

Proof. Let (m,, mz) € wCV(MS)’ Then there exists E € ?CV such that m E =
m,E. Since ENC #£0, it follows that (m,, m,) is a member of the right side. Now,
let (m, m,) be an element of the right side. Then there exists c € C such that
m,c =m,c. Let E = cS. Then since c?€cSNC we have cSe ‘(PCV' Clearly,
mE =m,E and we have (m, m2)€ ‘/’CV(MS)'

The following corollary is evident from the lemma.
Corollary 4.4. Under the hypotheses of Lemma 4.3 YeylS) =c

It is clear from the definitions that ?D(MS) is always contained in ?I(MS).

The next lemma gives a sufficient condition for equality of these two filters.
Lemma 4.5. If ¢ (M) is O-restricted then ?I(MS) = ?D(MS).

Proof. We need only show that ?,(Ms) C ‘(PD(MS)’ Let Nge ?I(MS) and let
0#m,ne M. In a similar manner to the note following Lemma 3.2 we have n~ N =
{seS:nseN}e fPI(S). If m(n"'N) = 0 then (m, 0) € l//I(MS). However, m £ 0 and
(//I(MS) is O-restricted. Therefore, m(n~!N) £ 0 and it follows that there exists
s€S! such that ms £0 and ns € N. Hence, Ng € ?D(MS).

This lemma and the lemma which follows show that *‘dense’’ and ‘‘intersec-

tion large’’ are the same concepts on a regular semigroup.

Lemma 4.6. If S CT such that Se¢ ?I(TS) and T is a regular semigroup,
then l//I(TS) is O-restricted.

Proof. Let E € ?I(S) and let 0 £¢€ T, Let ¢’ be an inverse of ¢ in T. Since
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Se ?,(TS) we have E¢ ?I(TS). Thus there exists s€ S! such that 0 £ t's€e E.
Hence 0 £ t's = t'tt's € E and it follows that 0 £ #(¢'s) € tE. Therefore, ¢I(TS)
must be O-restricted since E is an arbitrary element of ?,(TS) and contains an
element x such that tx £ 0 foreach 0 £t€ T.

In general, ‘(PI(S) is not a special right quotient filter. However, the next

proposition gives necessary and sufficient conditions for this to be true.

Proposition 4.7. The following are equivalent:
(a) ?’(S) is special.

(b) ¥,(S) is O-restricted.

(©) 2,(5) = P (5) and {seS: sS=0}=0.

Proof. (a) = (b). Let A ={s€ S: (s, 0)¢€ (ﬁI(S)}. We need to show that A = 0.
By Zorn’s lemma there exists a maximal sub S-set Ag of S such that AN A'=0,
It easily follows that B=AUA'€ ?I(S). For each b€ B, let

b= Y40} if be A4,
D, -
B if be A",

Note that b'l{0§€ ?,(S) for each b€ A. Hence D = UbGB bDb € ?I(S) since

?'(S) is special. However, we can write

D=[U b(b‘l{oi)] U [ U bB] = U wBCa"
beA beA' beA'
Thus it follows that A’ € ?I(S) and since ANA' =0 we must have A =0.

(b) = (c). This follows immediately from Lemma 4.5.

(c) = (a). This is essentially a restatement of Proposition 3.11(c).

Now let ? denote one of fPI’ ?D’ or ‘(PSD' If S and T are semigroups such
that S C T then T has a (§)-torsion congruence as well as a P(T)-torsion con-

gruence. These are the same under the conditions given below.

Theorem 4.8. Let S and T be semigroups such that S € ?D(TS). Then
Yp(Ts) = () and Y (T¢) =4 (T). Also, if Se€ Psp(T¢) then g (T¢) =

Proof. Let ¥ denote any of ‘(PD’ ?SD’ or ‘(Pl and let ¢ denote the correspon-
ding torsion congruence. If (¢, ¢,) € Y(T) then there exists E € P(T) such that
t,E = t,E. By Theorem 3.7 ((a), (b), or (c) depending on the choice of %), there
exists E' € $(5) such that E'C E'T! CE. Thus tE'= t,E' and we have
(tl, t2) € ‘/’9(Tg)‘ On the other hand if (¢, 12) € Yo (TS)’ there exists E € P(S)
such that ¢ E = t,E. Hence tl(ETl) = tZ(ETl) and ET! € P(T) by the same
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theorem mentioned above. Therefore, (¢, tz) € Y(T) and the result follows.
The theorem can also be stated for any special filter and for any ?-quotient

semigroup. The proof is similar to that of the previous theorem.

Theorem 4.9. If $ = P(S) is a special right quotient filter on S and T is a

P-quotient semigroup over S then "[’?(g)(Ts) =Yg \T) where P(T) is the right
quotient filter induced on T by 9.

Let ? be an R.Q.F. on S. The S-set Mg will be called P-torsion free if
Yg (M) = . We have already seen that if S has a subsemigroup C of right cancel-
lable elements and has the R.C.M.P. with respect to C then § is ?CV(S)-torsion
free. We observe below that § is ?SD-torsion free for a large class of semigroups

which includes each semigroup with identity.

Lemma 4.10. For all semigroups S, Y (S) = Y 5(S). Hence Y (S) is the
identity congruence iff S is right reductive.

Proof. Clearly, 4 4(S) = ¢ iff § is right reductive. Suppose (s, 1) € Y5 (S) such
that s # t. Then there exists D € ‘(PSD(S) such that sD= tD. If s' €S such that
ss' £ ts' then there exists t' € S! such that ss't'£ts't' and s't' € D, which is a
contradiction. Thus sS < ¢S and it follows that ¥g(S) = ¢¢ (S).

McMorris showed in [12] that ?I(S) = ‘(PSD(S) when l/JI(S) = (. A similar proof
gives this result for all S-sets.

Lemma 4.11. If l//,(MS) = then ?SD(MS) = ?D(MS) = ?I(MS).
We also have the following two lemmas involving ?-quotient sets.

Lemma 4.12. Let Mg be a P-torsion free S-set such that S¢ C Mg where ?
denotes one of the filters ?1, ?D’ or ?SD‘ Then Mg is a ?-quotient set over §

iff e PMy).

Proof. If Se ?(MS) then Mg is a P-quotient set over S by Proposition 3.6.
Conversely, suppose that M is a ?-quotient set over S. First, consider the case
where % = ?D and let 0 £ m, n€ M. Then n=1Se P(S) and m(n~1S) £ 0 since
l/lD(MS) = (. Thus there exists s € § such that 0 £ ms and ns € S and it follows that
Se ‘?D(MS)‘ Next, suppose that & = ?l' Since ¥,(M) = ¢, we have ?’(MS) =
?D(MS) by Lemma 4.11 and it also follows that 1/11(5) = t. Thus ?I(S) = ?D(S) by
Lemma 4.11 again and the result follows from the previous case. The proof for the
case F = ?SD is similar to that of the first case and will be omitted.

Lemma 4.13. Let 9 be an arbitrary right quotient filter on S such that S is
P-torsion free and let Mg be any 9-quotient set over S¢. Then Mg is P-torsion
free iff S¢ is large in Mg.
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Proof. ( =) Let ® € Homg (M, K) such that ®|S is 1-1 where K is an ar-
bitrary S-set. Let m, m, € M such that (I)(ml) = @(mz). Let D = ml'IS ﬁmzlS €
?. since ®(m s) = ®(m,s) for all s€ D and since ®|S is 1-1, we have m D =
m,D. Therefore, m = m, since Mg is P-torsion free and it follows that Sg is
large in Mg.

(=) Since Yg(S) = Yp(M{)|S =4, it follows from Lemma 1.1 that (M) = ¢.

5. Right quotient semigroups. Let S be a semigroup, M be a right S-set
and ¥ be a right quotient filter on Mg, Let F = Fg (M) = UDe?HomS (D, M) and
define multiplication on F by fg = b where b: Dg N g'l(D/) — M is given by
h(x) = f(g(x)). Then under this multiplication F is a semigroup, called the semi-
group of partial S-homomorphisms of My with respect to ?.

Lemma 5.1. Define a binary relation w = wg (MS) on the semigroup F by
(f, g) €  iff there exists D€ P such that {|D =g |D. Then w is a 2-sided con-

gruence on F.

The semigroup Qg = Q?(Ms) = F/w will be called the semigroup of right
quotients of M¢ with respect to P. The elements of Q,(MS) will be denoted by
/T where f€ F. When P - ?,, ‘(PD’ ‘(PSD’ ‘(PCV’ or ?B then Q¢ will be denoted by
O QD’ Osp» Qcy» or QB respectively. As before, the subscript S in Qg;(MS)
will be omitted when M = S.

Note that QB(MS) = Homg (M, M), More generally, the following lemma shows
that if the R.Q.F. ? on M¢ has a least element D¢ under set inclusion then there
is a natural isomorphism between Q?(MS) and HomS(D, D).

Lemma 5.2. Let & be a right quotient filter on Mg with a least element Dg.
Then Qg (M) & Hom¢ (D, D) under the map [ — [ where [ € Homg (D, D) and

multiplication on Homg (D, D) is composition.

Proof. The isomorphism will clearly follow once it is shown that Homg (D, M) =
HomS(D, D). Let f¢€ Homg (D, M). Then /-I(D)E P and since D is the least ele-
ment of P we have D C/~'(D). Thus, D = {~}(D) and it follows that /(D) C D.
Therefore, f € Homg (D, D). Since the reverse inclusion is obvious, we have
equality.

In this paper we are mainly concerned with the case where M is the semi-
group S. As noted below we see that there is a natural representation of S in
Q?(S).

Let ? be a right quotient filter on Sge For each s€ §, define ¢_:§ — S by
¢,(t) = st. Then ¢_€ Homg (S, S). It is easily seen that the mapping ¢: § — 0 =
Q4(5) by ¢(s) = ¢_ is a representation of S in Q¢(S). The image of S under ¢
will be denoted by §. Since S is a subsemigroup of Q, QO may be regarded as a
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centered right S -set Q— in a natural way. Also, Q becomes a centered right $-
set Q¢ by defining fs= /(;S for each [ € Q and for each s€ S. It is easy to show

that the following lemmas involving the representation of § in Q9(S) are valid.
Lemma 5.3. ¢ () = ¢~ og,
Lemma 5.4. For each [ € Fg(S) and for each s € D, o, = ¢/(s).

When 4(S) = ¢, we shall assume that S is embedded in Q = Qg (S) under the
identification s «>¢_. From Lemma 5.4 we see that fs = f(s) for each [ € QQ(S)
and for each s € D, under the identification described above. Furthermore, since
D, C(f)!'s and D e ?, Q4(S) isalsoa P-quotient semigroup over S. In addi-
t1on the next lemma shows that Qg is P(8)-torsion free.

Lemma 5.5. Let P = $(S) be a right quotient filter on S and let Q = 04(8).
If S is P-torsion free then Q¢ is P-torsion [ree.

Proof. Let (/_l, /_ ) € Y9(Qg). Then there exists E € ? such that fiE = f_zE.
Let E'= EnD, nD, 69) Then for each s € E', we have f (s)_/ls—/zs_
f,(s) and it follows that /1 = fz

The following corollary is immediate from Lemma 4.13 and the remarks pre-

ceding the above theorem.

Corollary 5.6. Let  be a right quotient filter on S and let Q = Qe(8).1f S
is P-torsion free then S¢ is large in Q.

The next theorem shows among other things that each P-torsion free ?-quo~
tient set (semigroup) can be embedded in QQ(S) as an S-set (semigroup) such that

the elements of § are fixed under the identification s b .

Theorem 5.7. Let Mg be a P-quotient set (semigroup) over S. Then there
exists an S-bomomorpbzsm (homomorphism) ®: Mg — Q(S) = Q¢ such that

(a) O(s) = qS for each s€ S and

(b) @' o @ = by (M),

Proof. Let m € M. Since Mg is a ?-quonent set over S, m~1Se P, Define
6,:m"'S =S by 6 (s)=ms. Then 0_ €0 = Qg(S). Let(I) M — 0 by @(m) =
6 . For each s€ S, we have D@ = s'lS S. Thus ®(s) = ¢S and (a) fol-
lows. Furthermore, ®(m ) = ®(m ) iff 0 my = 9m2 which is true iff there exists E €
? such that ms=0_ (s) =0 (s) =m,s for all s€E, Hence it follows that
- lod- t//,(M ). Now let mEM and s€S. Then ®(ms) =60 __ and ®(m)s =
0 s=6 P -0 ¢ P Let tEDe ﬂDe o, € ?. Then 6, (t)-(ms)t—m(st)—
0 (st) = 0 P (t) Thus it follows that @ is an $- homomorphnsm. Now suppose M
is a - ?-quotlent semigroup over S. Let m, m, € M. In order to show that ® is a
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semigroup homomorphism it is sufficient to show that =
mim?3 m] m3

ngmz N Demlemz € ?. Then Omlmz(t) =(mm)t=m (myt) = Omlemz(t). There-
fore, 0m1m2 =00,

As the following corollary shows, Q?(S) is the maximal P-torsion free -
quotient semigroup over S (up to semigroup isomorphism over §) when § is P-tor-

sion free.

Corollary 5.8. If S is F-torsion free then Q = Q(8) is a P-torsion free P-
quotient semigroup over S which contains an S-isomorphic (isomorphic) copy over

S of every P-torsion free ?-quotient set (semigroup) over S.

Proof. By Lemma 5.5 and the remarks preceding it, Q is a P-torsion free P-

quotient semigroup over S. Since gllg,(S) = (, the rest follows from Theorem 5.7.

Proposition 5.9. If T is a ?-quotient semigroup over S and ® is a semigroup
endomorphsim on T such that ®|S = (s then ® C g (TS)‘

Proof. Suppose ®(z,) =,. Let D = tl'lSF\ t3 s € ?P. Then for each s €D, we
have t s = (I)(tls) = @(ll)q)(s) = t,s. Thus, it follows that (tl, t2) €Yy (TS)'

Corollary 5.10. If T is a P-torsion free P-quotient semigroup over S then
the only semigroup endomorphism on T f[ixing S is the identity.

Let ? = P(5) be a special right quotient filter on § such that § is P-torsion
free. Let $(Q) be the special right quotient filter on Q = Q?(S) regarded as a Q-
set as given by Theorem 3.13. By Lemma 5.5, Q¢ is P(8)-torsion free and it fol-
lows from Theorem 4.9 that Q, is also P(Q)-torsion free. Thus there exists a
natural embedding of Q in Q'; Q?(Q)(Q) and under this embedding Qé is a
P(Q)-quotient semigroup over Q. The next theorem shows that this embedding is
actually onto Q'.

Theorem 5.11. Let # = P(S) be a special right quotient filter on S such that
S is P-torsion free and let Q = Q?(S). Then Q' = Q?(Q)(Q) = Q with the identifi-
cation given above where $(Q) is the special right quotient [ilter induced on Q0

by P(S).

Proof. By Lemma 5.5 with S replaced by Q, we have Qé is P(Q)-torsion
free. We claim that QS' is P(S)-torsion free. Let ()51, € gb?(S)(QS' ). Then there
exists E € P(S) such that t,E = t,E. Hence tl(EQ) = tz(EQ) and EQ € $(0). Thus
(tl, t2) € l/lg,(Q)(Qé) = ¢ and it follows that QS' is P(S)-torsion free. Furtherm:)re,
by Lemma 3.14, Q; is a ?(S)-quotient semigroup over S. So, by Corollary 5.8
there exists a semigroup isomorphism ® of Q' into Q which fixes S, Let ®'=
®| 0. Then by Corollary 5.10, o' - toe Therefore, since ®: Q' — Q is an isomor-
phism which fixes Q it follows that 0'=0.
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From Proposition 3.11 we see that ?D(S) is special whenever § is ?D-tor-
sion free. Also, from Lemma 4.10 and Proposition 3.11, ‘(PSD(S) is special when-
ever § is ?SD-torsion free. Hence the corollary given below for these particular

cases follows.

Corollary 5.12. If S is ?D-torsz’on free then Q(Q(8)) = Qp(S) and if S is
?SD-torsion free then Q¢ (Qp(S)) = Q¢ p(S).

In [8], the author noted that Q,(S) is the injective hull of S¢ and is self-in-
jective whenever § is ?,-torsion free. These results can also be obtained as ap-

plications of the preceding theory.

Theorem 5.13. 1/ S is ?I-torsion free then Q = Q/(S) is the injective hull of

Sge

Proof. Since ¥,(S) = ¢, we see from Corollary 5.6 that S is large in Q. Let
Mg be the injective hull of S¢. Since S¢ is large in Mg, Sc€ ?,(MS) as shown by
Feller and Gantos in [6] and we see that Mg is a ?,-quotient set over S. Also by
Lemma 4.13, Mg is ?,-torsion free. Thus, from Corollary 5.8 we may assume that
Mg is chosen such that S¢ C Mg C Q. However, since S¢ is large in Qg and since
M¢ is a maximal essential extension of S¢ we must have Mg = Q¢ and the result

follows.
Theorem 5.14. If S is § jtorsion free then Q = Q(S) is self-injective.

Proof. By Lemma 5.5 we have ¢ Q) = ¢. Since P (S) =9 (S) by Lemma
4.5,5¢9? p(Qg) by Lemma 4.12, Hence by Theorem 4. 8 ¥, (Q) = t. So, again by
Lemma 4.5, (Q) -9 p(Q). Therefore, since ? pl8) = ? (S) and ¥ p(Q) = P (Q) it
follows from Corollary 5.12 that Q,(Q,(5)) = Q, (S) Thus Q, is injective by Theo-
rem 5.13 where S is replaced by Q in the theorem.

Let C be a subsemigroup of the 2-sided cancellative elements of S. A semi-
group Q with identity containing § as a subsemigroup is called a classical semi-
group of right quotients of S with respect to C if (a) each element of C has a
2-sided inverse in Q, and (b) Q = {ab~':a€ S, be Cl.

The following theorem is a generalization of a theorem in ring theory proved

by Asano in [1]. A classical proof of this theorem was also given by Smith in [14],

Theorem 5.15. S has a classical semigroup of right quotients with respect to
C iff S has the R.C.M.P. with respect to C.

Proof. ( =) Let S CQ where Q is a classical semigroup of right quotients
over § with respect to C Let n€ C and s € S. There exists s,€Sand n €C
such that »™1s = 51"1 « Hence sn; =ns, and it follows that sCﬁ nS £ |:|.

(=) If S has the R.C.M.P. with respect to C then ?CV as defined in §3
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is a special right quotient filter on S by Proposition 3.11. Also by Corollary 4.4,
S¢ is ?Cv-torsion free. Let O = QCV(S). As before we can identify S with the
semigroup ®(S) =S in 0. Hence without loss of generality S CQ under the iden-
tification SHES. For each ne C, qS":_S_—' nS _is 1-_1 since 7 is left cancella-
tive. Hence qS;l: nS — § exists and ¢'n¢;1 = ¢;1¢>" = T. Thus each element
of C has a 2-sided inverse in Q. Now let 7 €0 and let ne€ D/ N C, Then /_n =
{(n). Therefore [ = f[(n)n~! € SC™! and the theorem follows.

A semigroup S' (without 0) is said to be left reversible if sIS'ﬂszS' # 0 for
every s, s, € S'. The following well-known theorem due to Ore (see Clifford and

Preston [4]) now follows as a corollary of Theorem 5.15.

Corollary 5.16. A cancellative semigroup S" (without 0) is embeddable in a
group of right quotients of S'iff S'is left reversible.

Proof. Let S =$* and let C = §'. If S"is left reversible then S has the
R.C.M.P. with respect to C = §’. Hence S has a semigroup of right quotients Q
with respect to S'. The properties of Q immediately yield the fact that Q is a
group with 0 adjoined. Let A’= O\{0}. Then Q' is a group of right quotients of

S'. The proof of the converse is easy and will be omitted.

Lemma 5.17. Let S CT CU where T and U are classical semigroups of quo-
tients over S with respect to C. Then T = U,

Theorem 5.18. If S has a classical semigroup of quotients T with respect to

C then T is unique up to isomorphism.

Proof. Let T be any classical semigroup of quotients of S with respect to
C and let Q = QCV(S) be the one obtained in Theorem 5.15, If t € T then ¢ =
sn~! for some s €S and some ne€ C. Thus net™'S and it readily follows that
"lse ?CV(S)' Since each element of C has an inverse in T, it is immediate from
Lemma 4.3 that T is ?Cv-tox-sion free. Thus T is ?Cv-torsion free and a ?CV'
Juotient semigroup over S. Hence by Corollary 5.8, T can be embedded in Q
such that $ CT C Q and the result follows from Lemma 5.17.

6. Right quotient semigroups of O-direct unions of semigroups. A right ideal
R of a semigroup S is called a null right ideal if RS = 0. Throughout this sec-
tion we shall let {S,} ,.q be a collection of 0-disjoint semigroups each having no
nonzero null right ideals. The semigroup S will denote the 0-direct union of
{Sy} aeq lice., S is the union of the S ’s and SaSp= 0 for a# B). Note that a nat-

ural embedding of S in Il ;. S, is givenby A:s — s where
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s if seS,,
S(a) =

0 otherwise.

When convenient, we shall identify S with its image in Il ;. § ..
For each ac€ Q, let ?a be a right quotient filter on § . The next theorem

shows that the collection {?a} weq induces a right quotient filter P on S.

Theorem 6.1. For each ac (l, let g’; be a base for the right quotient filter
Poon S, Let $'={A;CS: ANS e P, for each ae Q. Then 3 is a base for
a right quotient filter P on S which is independent of the bases ?étaken for
?a’ ae Q. Furthermore, if $ .= _ for each aeQ then P'is the right quotient

filter P

Proof. Let A, Be®'. Let A ,=ANS_ and let B,= BN S, for each ac Q.
Let f€ Homg (A4, S) and let f = | A . We claim that [ € Homsa(A w S It is suf:
ficient to show that /(A ,) CS . Suppose [.(s) =€ Sz where B # a. Then
fo(s)S =tS =0, Since S has no nonzero null right ideals it follows that ¢ = 0,
Since A, B € .‘P‘; and since f?; is a base for ¥ on S ,» there exists C € ?; such
that C,C /7'(B,). Let C =U _C_. Then Ce P and clearly C C/~'(B). There-
fore, P is a base for a right quotient filter ? on S. Now suppose that ?Z is also
a base for £, acQ and let P"={A; CS: ANS €P! for each ae Q). We claim
that each element A of P’ contains an element of $". If A o=A NS then A €
?:1 C g’aand since ?Z is also a base for ?a there exists A; € .(PZ such that
A, CA, Let A'= UaenA; . Then A'€ $" and we have A' C A. A symmetrical
argument shows that each element of " contains an element of ¥ . Thus it fol-
lows that ?'and ?" are both bases for the same R.Q.F. ? on s. Finally, suppose
that each ?ais an R.Q.F. on S and let A, B¢ P and f € Homg (A, S). Then

/a=/|AmSa € Homsa(AﬂSa, Sa)

and

/-1(p) - /-I[U (8 n sai - Ul Bas )l - Ulzen s )le 9.
aeQ aefl aef
Therefore, in this case ¥’ is an R.Q.F. on § and the theorem follows.

The filter ¥ on § given by the above theorem will be called the right quo:
tient filter induced on S by {?a§ weq - For the remainder of this section, ¥ will
always denote this induced filter, unless a specific statement to the contrary is
made, If each ?a is a standard filter on S of a given type, the next result shows

that ? is the standard filter on S of that type.
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Lemma 6.2, If #_is ?D(Sa), ?I(Sa), or ?B(Sa\) respectively for each a€
then ¥ is ?D(S), ‘(PI(S)’ or ?B(S) in the same order.

Proof. Let A€ ?D(S) and let A, =ANS, for each a€ Q. Let 0 £ m, ne S C
S. Then there exists s€ S' such that ms £ 0 and ns€ A. However, m € S, and
ms £ 0. Hence s € S. and it follows that ms £ 0 and ns€ AN S = A . So, we have
A€ fPD(S o) for each a and it follows that A€ P. Now suppose that A € ?. Then
A=A ﬁSaG?a= ?D(Sa) for each ae Q. Let 0£m,ne S, say me S, and nesg.
If a=f then there exists s € S} such that ms £ 0 and ns € A, C A. Suppose a £
B. Since S has no nonzero null right ideals there exists s € § such that ms £ 0.
Thus s€ S, and we have ns = 0€ A, Hence in either case there exists s¢€ s! such
that ms £ 0 and ns € A, Therefore A€ (J)D(S) and it follows that J = ?D(S). The
proof for the remaining cases follows in a similar way from the corresponding de-
finitions and will be omitted.

Returning now to right quotient filters in general, let us see how the P-tor-
sion congruence on S is determined entirely from the individual ?a-totsion con-

y
gruences on the §'s.

Proposition 6.3 4g(5) =U ¢y (s )Ul(a, b): (a, 0) € g (S,) and (0, b) €
¢?ﬁ(5,3) for some a, Be Q).

Proof. Let (a, b) € t,ll?(S). Then there exists E € P such that as = bs for all
s€E.If a and b are both in the same S then as =bs forall se ENS € ?a.
Hence (a, b) € Yy (S,). Suppose that a€ S, and b€ S where a# . Then as =
bs =0 forall s€e ENS_and bs =as =0 for all s€ ENS g Therefore, in this
case (a, 0) € ¢9 (638 and (0, b)et//? (5/3) Now, if (a, b)et//? (S,) for some ae
Q then there exists A 65) such that aA = bA, Let A=A U(UB 4a ,8) Then
A€® and aA = bA. Thus we have (a, b)e (//?(S) and it follows that 1/19 ()¢

(#?(S) The remaining inclusion is immediate from this and the transitivity of

Pg(S).
Corollary 6.4. S is P-torsion free iff each S, is fPa-torsion [ree.

The next theorem shows that the semigroup of right quotients of § with re-

spect to § is determined by the semigroups {Q?a(Sa)} aeQ -

Theorem 6.5. There exists an isomorphism & from 11 ;.9 Qg (S ) onto
Q¢(S), under which S is invariant when Ye(S) = ¢

Proof. Let (/) ,.€ 1l Q9 (S5) which we abbreviate as (f )« Let D
U, D, €% and define f: D, — s by f(x) = f(x) where x€ D, . Then f€
Homg (D S). Define ®: 11 Q?a(S) — Q?(S) by ®(7,)) =71. Igis easily seen

that @ is the desired isomorphism.

f-
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The invariance of S under ® when l/l?(S) =t is shown in the diagram below

for an arbitrary element s of S.

s e B e b q 3o s

in in in in in

$,CS 09 (S [Tog (s 0g(8) s
a aeql @

For each a€ (), let T, be a semigroup such that $,C T . A semigroup T con-
taining S as a subsemigroup is called a subdirect product of {T,} ,cq over S if
there exists an isomorphism 6 from T into Il T, such that

(a) 6|5 = tg (under the identification given at the beginning of this section),
and

(b) 7,0(T) = T, for each ae Q, where 7, is the projection mapping of
M,.q T, onto T,.

We will now show that subdirect products over § of ?a-torsion free ?a-quo-
tient semigroups over S, a€ (), determine up to isomorphism all P-torsion free
?-quotient semigroups over S. The following lemma which can easily be shown
will be useful in the proof. It is valid for any semigroup § with zero and any right
quotient filter ? on Se.

Lemma 6.6. If T is a ?-quotient semigroup over S and if 0 is an isomor-
phism from T onto a semigroup T' containing S such that 0|S = tg then T'is a
?-quotient semigroup over S. Furthermore, T'is P-torsion free iff T is P-torsion

free.

Theorem 6.7. Let S be F-torsion free and let T be a semigroup containing
S.Then T is a P-torsion [ree ?-quotient semigroup over S iff there exist semi-
groups T ,, a€, such that each T jis a g)a‘torsion free ?a-quotient semigroup

over S and T is a subdirect product over S of {T,} scq-

Proof. ( =) By Corollary 5.8 there exists a semigroup T’ isomorphic to T
such that § C T'E Q?(S) and § is invariant under the given isomorphism. Let
T"=® (T") where @ is given in Theorem 6.5, Hence we have S cT"C
N;eaQg,(S,). For each aeQ, let T =7 (T") where 7, is the projection of
l,69Q9,(S)) onto Qg (S.). Thus we have S,CT,C Qg ($,) for each ae Q. Since
Q?a(s 2 isa ?a-torsion free J -quotient semigroup over S, it clearly follows that
each T, is also a ?a -torsion free ?a-quotient semigroup over S, . Furthermore, it
is straightforward to see that T is a subdirect product over S of the {T,} ,.q-

(=) By Lemma 6.6, we may assume that § CT CIl__gT, such that na(T) =
T,

Recall that in this context we are regarding S as a subset of Il .5 ,C
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Il, .o T, under the identification s —s.Let teT be arbitrary. Since T, is a «(Pa-
quotient semigroup over S, for each a, it follows that #(a)~” 15a€ ?a- Let E =
U aent(a)'lSa. Then E € ¥ and for each s € EN Sa a€ ), we have
0 if B#a,
ts(B) =
da)se S, if B=a.

Hence it follows that s € ¢~ 'S, Thus E C t™'S and +7!S€ P and we see that T
is a ?-quotient semigroup over S. In order to show that T is P-torsion free, sup-
pose that ¢,¢' € T and E € P such that ¢E = t'E. We claim that #(a) = ¢'(a) for
each ae Q. Let E ,=ENS € ?a. Then for each s€ E j, we have t(a)s =

#a) () = (t9)(a) = (£'5) (a) = £(a) $(a) = £'(a) 5. Hence («(a), ¢'(a)) € Yo (5) =

¢ and the claim follows. Therefore, ¢ = ' and it follows that T is P-torsion free.

7. Primitive dependent semigroups. Let S be a semigroup and let E = E(S)
be the set of idempotents in S. A partial ordering <, called the natural partial
ordering on E, is defined by e < [ iff e = fe = ef. An element 0 £ e€ E is said to
be primitive if 0 </ <e, f€E, implies that { =0 or [ = e. The set of primitive
idempotents of S will be denoted by E’'= E'(S). A regular semigroup § is said to
be primitive regular if E'= E\{0}. An important subclass of the class of primitive
regular semigroups is the collection of all completely O-simple semigroups. These
semigroups have been characterized as regular Rees matrix semigroups over groups
with 0 as shown in Chapter III of Clifford and Preston [4].

A nonzero regular semigroup S will be called primitive dependent if for each
04 ecE =E(S) there exists e' € E'= E'(S) such that e'_<_ e. This class of semi-
groups contains the primitive regular semigroups, all finite regular semigroups,
and, as will be shown, all completely semisimple semigroups with principal series.

In this section we shall develop several theorems involving the singular con-
gruence on a completely O-simple semigroup. In addition, a characterization of the
completely 0-simple ?,-torsion free semigroups will be given. These facts along
with the general theorems given in $6 will lead to a complete characterization of
all primitive dependent ?I-torsion free semigroups as regular subdirect products
of column monomial matrix semigroups over groups.

We begin with a few definitions and lemmas which can be stated for S-sets
in general. A nonzero sub S-set Ng of an S-set M is said to be O-minimal if
N¢ contains no proper nonzero sub S-sets. Such S-sets are characterized as fol-

lows.

Lemma 7.1. Let 0 # Ny CMg. Then Ng is O-minimal iff for each 0 # x, y €
N, there exists s € S' such that y = xs (i.e., iff N = xS for each 0 £ x € N).

Proof. ( = ) Suppose N is O-minimal. Let 0 £ x€ N. Then 0 & x5! CN.

Hence xS! = N since N is O-minimal.
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(=)Let 0 G N'CN and let n€ N and 0 £ n'€ N'. Then there exists se€
S! such that n = n's € N'. Thus N'= N and the result follows.

The right socle X =X (M) of an S-set M is the union of {0} and all 0-mini-
mal sub S-sets of M. The left socle 2 (M) is defined dually for left S-sets.

Lemma 7.2. 3 (M) CN for every N e (M)

Proof. Let 0 £ me E'(M). Then mS'A N £0 and since mS! is O-minimal it
follows that m € mS! CN. Therefore, Er(M) CN.

Lemma 7.3. M = 2 (M) iff ¥ (M) = {m}.

Proof. ( = ) This is immediate from Lemma 7.2.

(e )Let 0% meM. We claim that mS' is O-minimal. Let 0 # ms |, ms,
mS'. As in the proof of Proposition 4.7, there exists a sub S-set N of M such
that mslS1 NN=0 and ms SUN€ fP,(MS). Hence, since ?I(MS) = {M}, we have
mslS1 UN=M.If meN then ms, € mslsl N N =1{0} which is a contradiction.

€

Thus, m € mslSl and it follows that ms, € mslSl. Therefore, mS! is O-minimal
by Lemma 7.1 and m € mS! C 2 (M).

Note that if 2 =X (M) € ?I(MS) then, by Lemma 5.2, Q,(Mg) % Homg (2, X)
under the map @(/) = / where /€ Homg (2, ). Hereafter, we shall regard this iso-
morphism as an identity.

The theorem which follows determines all regular semigroups § for which
2 () = S. Parts (a), (b), (c), and (d) of the theorem are taken from Theorem 6.39
of Clifford and Preston [5]. The equivalence of (c) and (e) is given by Lemma
7.3.

Theorem 7.4. The following are equivalent where S = S° is a semigroup.
(a) S is a O-direct union of completely O-simple semigroups.

(b) S is a union of O-minimal ri'gbt ideals of the form eS where e’ = e € S.
(c) S is regular and Zr(S) = S.

(d) S is primitive regular.

(e) S is regular and ?,(S) = {s}.

From part (e) of the above theorem we note that the terms ‘‘right reductive’’
and "?l-torsion free’’ are equivalent on a primitive regular semigroup. The next
theorem, which describes the socle of any regular semigroup, is essentially a re-
statement of Theorem 7.59 in Clifford and Preston [5].

Theorem 7.5. Let S be a regular semigroup with 0. Then  (S) = 2 () and
the socle 2 ( = 2’(5) = 2 (9)), if nonzero, is the largest primitive regular ideal of
S and it contains all the primitive idempotents of S.

Note that if E'= E"(S) £0 then X(S) = SE'S = E'S = SE' for any regular semi-
group S.
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The preceding two theorems indicate that completely O-simple semigroups are
some of the basic “‘building blocks”’ for all regular semigroups with nonzero
socle. Furthermore, the well-known Rees theorem given on p. 94 of [4] describes
each completely O-simple semigroup as a regular Rees matrix semigroup
M9(G, I, J; P) over a group with 0. For this reason we begin out study of the singular can-
gruence and the essential semigroup of quotients on a regular semigroup by con-
sidering first the case where § is a regular Rees matrix semigroup.

Let § = WO(G, I, J; P) be the regular Rees matrix semigroup over the group
G with zero, having indices | and | and | x I sandwich matrix P. The nonzero
elements of § will be written in the form A = (a)i]. where a€ G is the single non-
zero entry in the I x | matrix A which appears in the ith row and jth column. The
element in the (j, i) position of P will be denoted by p - Row j, of P is said
to be left proportional to row j, of P if there exists ce G such that p. .=

i1t

ijzi' for all i € I. Dually, column i is right proportional to column i, if there

1
exists ¢ € G such that piil = p,,z.zc for all j€ J. The next theorem determines the

singular congruence on S.

Theorem 7.6. For S = W°(G, 1, J; P), ¥ (S) = {[(a)l”
proportional to row j,, say p = cp].zi for each i€l, and a, b€ G such that
a~'b = c} U{(0, O)}.

(& )ijz]: row j, is left

Proof. Since § is regular, lﬁ (§) is O-restricted by Lemma 4.6. Let [(a)
]6 l/l (S). Since ? (S) = {5}, we have (a) ( )lj = (b)12;

(x)z..eS. Hence (ap x)l” (b b )z. iy for all (x) € S. Thus, it follows that

2( x).. for each

— -1 =
, =1, and apul = ] lfor each i€ l. Therefore, pfli— a bpjzz_CpJZI for

each i€ [, where ¢ = a~'b, and we see that [(a)z.“.l, (b)”, ] is a member of the

right side. The opposite inclusion is immediate from retracing the above steps.

i

Corollary 7.7. If P consists entirely of 0’s and 1’s then l,ll,(S) = {[(x)z.].l,
(x)l.jz]: rows j, and j, of P are equal} U{(0, 0)}.

Corollary 7.8. l/II(S) = ¢ iff no two rows of P are left proportional.
Corollary 7.9. If S is a primitive inverse semigroup then (S) = ¢.

Proof. By Theorem 7.4, S is a O-direct union of {S} , . qwhere each S is
completely O-simple. Since §,CS, it follows that § is a Brandt semigroup for
each a€ (. Hence by Theorem 3.9 of Clifford and Preston [4], S is isomorphic
to a regular Rees matrix semigroup m"(ca, I, 1450, over a group G, with 0
and with the I x I, identity matrix A, as sandwich matrix. Thus, from Corollary
7.8 we see that l,bI(Sa) = ¢ for each a€ (). Therefore, the result follows by Lemma
6.2 and Corollary 6.4.
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Gordon L. Bailes [2] has defined a right inverse semigroup as a regular semi-
group S in which each element has a unique left unit (i.e., |xV(x)| = 1 where
V(x) is the set of inverses of x in S). A left inverse semigroup is defined dually.
Corollary 4 of [2] shows that S is an inverse semigroup iff S is both a left and a

right inverse semigroup.

Theorem 7.10. Let S be a completely O-simple semigroup. Then the following
are equivalent.

(a) S is right inverse.

(b) S is isomorphic to a regular Rees matrix semigroup WO(G, 1, ]; P) where
P consists entirely of 0’s and 1’s and each column contains exactly one nonzero
entry.

() ¥ (S) =1 and S is orthodox.

Proof. (a) < (b) is essentially a restatement of Theorem 44 in [2] and (b)

= (c) is immediate from Corollary 7.8 and Theorem 6 of [7].

Corollary 7.11. A primitive regular semigroup is a right inverse semigroup

iff 1,0’(5) =t and § is orthodox.

Proof. By Theorem 7.4, S is a O-direct union of completely O-simple semi-
groups {S 1,.q- Clearly, by the definition S is a right inverse semigroup iff each
S, is a right inverse semigroup. By the theorem this is true iff each §, is ortho-
dox and ‘/’I(Sa) = t. Finally, by Corollary 6.4, this follows iff S is orthodox and
I/II(S) =t.

Corollary 7.12. An orthodox primitive regular semigroup is inverse iff i (S) =
¢ and WY(S) = «, where {p(S) is the left-right dual of Y (S).

Let S =M°G, I, J; P) be a regular Rees matrix semigroup and let C%(G, I)
denote the semigroup of all I x I column monomial matrices over G°. 1f Ae
(G, I) then A, /) will denote the element in the (i, j) position of A. Multiplica-
tion in § will be indicated by juxtaposition whereas ordinary multiplication be-
tween matrices as defined on p. 87 of Clifford and Preston [4] will be denoted by
‘o Hence, if A, BES then AB =A oP oB. Since S = 2(S) in this case,
?,(S) = 15} and we have Q(S) = Hom((S, S) which is precisely the semigroup
A(S) of all left translations of S. This has been characterized by Petrich [13] as
a wreath product over a group. Another characterization of A(S) is also given in
Proposition 4.5.6 of [13] which is restated below without proof.

Theorem 7.13. Let S =M°(G, I, J; P) be a regular Rees matrix semigroup.
Then there exists an isomorphism ®: Hom(S, ) 28 @G, 1), say D(f) = Cp
such that {(X)= C,0X for each [€ Homg(S, S) and for each X €.
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Let ¢ denote the representation of § in QI(S) = HomS(S, S) given in §5. Then
®p is a representation of § in CY%G, I). The image of this representation is given
by the following proposition.

Proposition 7.14. Let ®¢ be the representation of S in Co%a, n given above.
For each 0 £ X = (x)l.]. €S let Cy denote the element of C%a, n given by

0 ifiti' €l kel

%y if i=i' kel
Then PH(X) = Cy.

Proof. Let f€ Q,(S) such that ®(f) = Cy. We claim that /= ¢,. Let Y =
(y)i'].' be an arbitrary element of S. Then

0 0 0 0
/(Y)=C,0Y=cxoy= xXp o °©{0---0 y0-.-0
0 0, 0 0

= (xpii, y)l.]., = XY = ¢X(Y).

Therefore, f = ¢, and the proposition follows.

Note that if S =M°(G, I, I, A) where A is the I x I identity matrix then
®P(X) = X for each X € S, i.e., the representation of S is actually the identity
map.

The above proposition leads us to the following definition.

Let G be a group, I and | be index sets, and let P be a regular | x I ma-
trix over G° such that no two rows of P are left proportional. Let KO-

HO(G, I, J; P) denote the subset of all elements **A”’in C°(G, ) such that for
some 1€l, j€], and geGo,

0 if i £i, ke,
Al', k) =

gv, if i'"=i kel

If § is the semigroup fmo(G, I,]; P) then S is ?,-torsion free since no two rows of P
are left proportional. Hence JC is the isomorphic image of S under the map ®¢ into the
semigroup C%(G, I). Thus since ¢(S) is a left ideal of 0,(8) = Homg (S, 5), we
see that H is a left ideal of C°(G, I). Furthermore, a trace of the isomorphisms
involved shows that C°(G, I) is isomorphic over H° to Ql(}(o). The semigroup
H° will be called an H-semigroup. The next theorem follows from the discussion
above and §5.

Theorem 7.15. Let X° =H°(G, I, J; P) be an arbitrary H-semigroup. Then
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(a) A semigroup S is completely O-simple right reductive iff S is isomorphic
to some }(-semigroup.

(b) HO isa left ideal of @°(G, N.

(c) GO(G, 1) is isomorphic over KO to Q,(}'(o).

(d) C%G, D) is the injective hull of H°.

(e) C%G, ) is self-injective.

These results can also be applied to primitive regular semigroups as stated
below. The proofs are immediate from the general theory developed in $6 since
each primitive regular semigroup is a O-direct union of completely O-simple semi-

groups.

Theorem 7.16. Let S be a primitive regular semigroup. Then

(a) S is primitive regular right reductive iff S is isomorphic to a O-direct
union of }(-semz’groups.

(b) QI(S) = Homg (S, S) and is isomorphic to a direct product of column mono-

mial matrix semigroups over groups.

We shall now consider primitive dependent semigroups. Certainly any primi-
tive regular semigroup is primitive dependent, as well as any finite regular semi-
group. A more general class of primitive dependént semigroups is given in the
theorem which follows. The reader is referred to $$2.6 and 6.6 of Clifford and
Preston [4] and [5] for the definitions of the terms used.

Theorem 7.17. Let S = S° be a completel semisimple semigroup with a prin-
y g p

cipal series. Then S is a primitive dependent semigroup.

Proof. Let § =§,25,2...05 =10} be a principal series for S. We shall
proceed by induction on n. If n = 2, then $ = §, is completely O-simple and the
result follows. Suppose the theorem is true for all completely semisimple semi-
groups having a principal series of length k& where 2 <k <n,n> 2, and let S have
a principal series of length n as above. Then S, has a principal series of length
n-1l.Let O0fe=e’cS- S,-1f e€ S, then by the induction hypothesis there
exists an idempotent f'€ S, such that /' <e and such that /' is primitive in .
Since §, is an ideal of S, it follows that ' is also primitive in S, Hence the
result is true in this case. Now suppose e¢€ S\Sz. If e is primitive in §, we are
through. So, suppose e is not primitive in S. Then there exists 0 £ f€ E(S) such
that 04 f<e.If f€ S\S, then 0 £ f<e in §/S,=S,/S, which is completely 0-
simple. But this is impossible. Hence f€ 5, and by the induction hypothesis there
exists [’ primitive in S, (hence in §) such that /' <{. Therefore /' < e and the
theorem is proved. .

Let R be a subset of a semigroup S. The left annihilator of R in § is rA=



114 C. V. HINKLE, JR.

{x € S: xR = 0}. The right annihilator of R is defined dually and is denoted by AR'

Several equivalences to the definition of primitive dependent can now be stated.

Theorem 7.18. Let S be a regular semigroup and let 2. be the socle of §.
Then the following are equivalent.

(a) $A=0.

(b) 2P (5.

()2 e “?I(S)'

(d) Every nonzero right ideal of S contains a 0-minimal right ideal of S.

(e) S is primitive dependent.

Proof. (a) = (b). Let 0 £ s € S. Since gA= 0, there exists x € X such that
sx £ 0 and since X is a 2-sided ideal of S, we have that 0 £ sx € 2. Thus it fol-
lows that X € ?I(SZ)'

(b) = (c). This is immediate from Theorem 3.7.

(c) = (d). Let R be a nonzero right ideal of S. Since Z¢€ ?I(S)’ there exists
0£xeRNZ, and since x€ 2, xS! is 0-minimal. Furthermore, x5! CR.

(d) = (e). Let 0 £ e€ E. By the hypothesis eS contains a 0-minimal right
ideal R of S. Since S is regular, R is of the form R = fS for some 0 £ f € E, and
since [€ X, we have that f€ E'. Furthermore, ef = f. Let /' = fe. Then f' € E
since ['2 = (fe)(fe) = flef)e = ffe =fe = (', and ['f = fef = ff = [ # 0. Hence
/' # 0. Furthermore, {'= fe € /S C 3. Thus it follows that /' € E'. Finally, f’e =
fee =fe = ['=fe = efe = ef'. Therefore, 0 £ /' <e and f'€ E'and it follows that
§ is primitive dependent.

(d) = (a). Let 0 £ x € S and let x' be an inverse of x. Then there exists f€
E'such that f <x'x. Hence x'xf =fe E'CZ. Therefore, 0 # xf € xZ and it follows
that o A = 0.

Note that the left-right duals of (a), (b), (c) and (d) respectively are equiva-
lent to (e) also.

The essential semigroup of quotients of a primitive dependent semigroup is

given by the following lemma.

Lemma 7.19. Let S be primitive dependent and let 3. be its socle. Then
QI(S) is semigroup isomorphic to Homz(z, 3) = QI(E).

Proof. From a note following Lemma 7.3 and from the above theorem we see
that Q,(S) & Hom (2, X). Hence it is sufficient to show that every Z-homomor-
phism on X is an S-homomorphism. Let fe€ Homz(z, 3), te€X, and s€S. Then
for ¢', an inverse of ¢ in X, we have [(ts) = f(tt'ts) = () t'ts = f(et't) s = (&) s
and the result follows.

Another characterization of the singular congruence can be given for a primi-

tive dependent semigroup.
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Lemma 7.20. If S is primitive dependent then Y (S) = {(x, y): xe = ye for all
e€ E'}.

-Proof. By Lemma 7.2 and Theorem 7.18, {2} is a base for ?I(S). Thus by
Lemma 4.1, ¢,(S) = {(x, y): xs = ys for all s€ X}. Since E'C X, it follows that
¥ () is contained in the right side above. Now, let (x, y) be in the right side and
let s € 3. Then there exists 0 £ e = e € 3 such that s = es and, since e € 3,

e € E'. Therefore xs = xes = yes = ys and (x, y) € ¥ ($).

Lemma 7.21. Let S CT be regular semigroups such that S is a left (right,
2-sided) ideal of T. Then 2(S) C 3(T).

Proof. Let e € E'(S). We claim that e € E'(T). Suppose there exists %= ¢
T such that f <e. Then f=fe =ef €S in any case above. Hence, since e is
primitive in S, it follows that f =0 or f = e. Therefore, e € E'(T) and we see that
3(8) = E'(S)S CE'(T)T = 2(T) by the note following Theorem 7.5.

The next theorem shows that certain regular ?I-quotient semigroups over a

primitive dependent semigroup are also primitive dependent.

Theorem 7.22. Let S be a primitive dependent semigroup and let T be any
regular ?I(S)-quotient semigroup over S such that S is a left (right, 2-sided)

ideal of T and (T) is O-restricted. Then T is primitive dependent with socle
(1) = (9T

Proof. By Lemma 7.21, 2(S) C 3(T). Hence 2(S)T' C 3(T). We claim that
Se .(PI(TS). Let 0 £¢t€T. Then since T is a ?I-quotient semigroup over §,
t~lse ?'(S). Furthermore, t(¢t~1S) £ 0 since ‘/'I(TS) is O-restricted and the claim
follows. Thus, since 2(S)¢€ ?I(S), we see from Lemma 4.5 and Theorem 3.7(a) that
S T!e ?I(T). So, 2(T) C3(S)T! by Lemma 7.2 and equality follows. Further-
more, since 2(T) = 2(S)T! e 9)1(T) we see from Theorem 7.18 that T is primi-
tive dependent.

Corollary 7.23. Let S be a primitive dependent ?I-torsion free semigroup.
Then QI(S) is primitive dependent.

Proof. Since 0,(3($)) % Q(S) by Lemma 7.19, and 2(S) is primitive depen-
dent, we may assume without loss of generality that S = 2(S). Hence S is embed-
ded in Q = Q,(S) and Q isa ?’-torsion free ?,-quotient semigroup over §. Fur-
thermore, since Q = Homg (S, S) we have that fs = [(s) for each € Q, s€S.
Therefore, S is a left ideal of Q. Furthermore, by Theorem 4.2 of [8], O is regu-
lar. Hence the result follows from Theorem 7.22.

Our final theorem gives a complete characterization of all ?,-torsion free
primitive dependent semigroups.
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Theorem 7.24. Let Q) be an index set and for each a€ Q, let }{(;=
}(O(Ga, I,]5P,) bean H-semigroup. Let S be the 0-direct union of {}((;}aeo' Let
T, be any regular semigroup extension of ]‘(?1 in Ga= @?I(Ga, 1), a€Q,andlet T
be any regular subdirect product of the {T},  qover S. Then T is a primitive de-
pendent ?I-torsion [ree semigroup. Conversely, every primitive dependent ?,-tor-

sion free semigroup is isomorphic to a semigroup obtained in this manner.

Proof. Since Gaw QI(}{(;) over }(?1 for each a €}, we have that Ga is a
g),(}(?,_)-quotient semigroup over H?l which is ?I(}(g)-torsion free. Thus T, is a
?I(H?I)-torsion free ?’(H%)-quotiem semigroup for each a€ (). Hence by Theorem
6.7, T is a ?,(S)-torsion free ?I(S)-quotient semigroup over § and by Lemma
4.12 we see that Se€ ?I(TS)' Thus, T is also ?I(T)-torsion free by Lemma 4.5 and
Theorem 4.8. Since }(g is a left ideal of Ga for each a€ ), we have }(g is a left
ideal of T,. Let 1€ T and s € H%CS. Then

0 if B#a,
ts(B) =
Ha)s e HS if B=a.

Hence ts = a)s and it follows that S & § is a left ideal of T. Therefore, the
result follows by Theorem 7.22.

Conversely, let T be a ?I-torsion free primitive dependent semigroup and
let $=2(T). Since S¢ ?I(T) by Theorem 7.18(c), § is .(})I(S)-torsion free. Hence
by Theorem 7.16 we may assume that S is a O-direct union of }(-semigroups }(%f
H%(Ga, I, ] P), a€f. By Theorem 7.18(b) and Proposition 3.6, T is a ?I(S)-
quotient semigroup over § which is ?I(S)-torsion free. Thus, by Theorem 6.7,
there exist semigroups T,, a€(}, such that each T, is a ?I(}((()l)-torsion free
?I(Hg)-quotient semigroup over }(g and T is a subdirect product of the {Taiaen
over §. Since @a= G"(Ga, la) is isomorphic over Hgb to QI(}(?L), we may choose
the T, such that }((LE T,C @°(Ga, I,) by Corollary 5.8. Furthermore, each T is
regular since it is the homomorphic image under the projection map of the regular
semigroup T. Therefore, the theorem follows.

This paper constitutes part of the author’s doctoral dissertation written under
the direction of Professor D. R. LaTorre. The author wishes to thank Professor
LaTorre and Professor John K. Luedeman for their valuable advice and encourage-
ment.
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